On a class of (δ + αu 2 )-constacyclic codes over F q [u] 
Introduction
Algebraic coding theory deals with the design of error-correcting and errordetecting codes for the reliable transmission of information across noisy channel. The class of constacyclic codes play a very significant role in the theory of error-correcting codes.
Let Γ be a commutative finite ring with identity 1 = 0, and Γ × be the multiplicative group of units of Γ. For any a ∈ Γ, we denote the ideal of Γ generated by a as a Γ , or a for simplicity, i.e., a Γ = aΓ = {ab | b ∈ Γ}. For any ideal I of Γ, we will identify the element a + I of the residue class ring Γ/I with a (mod I) for any a ∈ Γ in this paper.
A code over Γ of length N is a nonempty subset C of Γ N = {(a 0 , a 1 , . . ., a N −1 ) | a j ∈ Γ, j = 0, 1, . . . , N − 1}. The code C is said to be linear if C is an Γ-submodule of Γ N . All codes in this paper are assumed to be linear. The ambient space Γ N is equipped with the usual Euclidian inner product, i.e., [a, b] In this paper, let F q be a finite field of cardinality q, where q is power of a prime, and denote R = F q [u]/ u e = F q + uF q + . . . + u e F q (u e = 0) where e ≥ 2. Let e = k ≥ 3. For the case of p = 2 and m = 1 Abualrub and Siap [1] studied cyclic codes over the ring Z 2 + uZ 2 and Z 2 + uZ 2 + u 2 Z 2 for arbitrary length N, then Al-Ashker and Hamoudeh [2] extended some of the results in [1] , and studied cyclic codes of an arbitrary length over the ring
. For the case of m = 1, Han et al. [7] studied cyclic codes over R = F p + uF p + . . . + u k−1 F p with length p s n using discrete Fourier transform. Singh et al. [9] studied cyclic code over the ring [3] generalized these results to (1 + wγ)-constacyclic codes of arbitrary length over an arbitrary finite chain ring R, where w is a unit of R and γ generates the unique maximal ideal of R. Sobhani et al. [10] showed that the Gray image of a (1 − u e−1 )-constacyclic code of length n is a length p m(e−1) n quasi-cyclic code of index p m(e−1)−1 . Recently, Sobhani [11] 
e for e ≥ 4. In this paper, we provide a new way different from the methods used in [7] , [9] and [11] to determine the algebraic structures of a class of (δ + αu 2 )-constacyclic codes over the finite chain ring F p m [u]/ u e for e = 4.
q and n be a positive integer satisfying gcd(q, n) = 1. We denote
•
The present paper is organized as follows. In Section 2, we provide an explicit representation for each (δ + αu 2 )-contacyclic code over R of length n and obtain a formula to count the number of codewords in each code from its representation. Then we give the dual code for each of such codes in Section 3. In Section 4, we determine all self-dual (1 + αu 2 )-contacyclic code over R of odd length n for the case of q = 2 m . Finally, we list all 125 distinct (1 + u 2 )-contacyclic codes over F 2 [u]/ u 4 of length 7 in Section 5.
Representation for (δ +αu
2 )-constacyclic codes over R of length n In this section, we will construct a specific ring isomorphism from A+vA onto R[x]/ x n −(δ + αu 2 ) . Hence we obtain a one-to-one correspondence between the set of ideals of A + vA onto the set of ideas of R[x]/ x n − (δ + αu 2 ) , i.e., the set of (δ + αu 2 )-constacyclic codes over R of length n. By Notation 1.3, A + vA = {ξ 0 + vξ 1 | ξ 0 , ξ 1 ∈ A} and the addition and multiplication are defined by
It is clear that ξ 0 can be uniquely expressed as ξ 0 = ξ 0 (x) where ξ 0 (x) ∈ F q [x] satisfying deg(ξ 0 (x)) < 2n (we will write deg(0) = −∞ for convenience). Dividing ξ 0 (x) by α −1 (x n − δ), we obtain a unique pair (a 0 (x), a 2 (x)) of polynomials in
Similarly, there is a unique pair (a 1 (x), a 3 (x)) of polynomials in
where a i,k ∈ F q for all i = 0, 1, . . . , n − 1 and k = 0, 1, 2, 3. Then ξ 0 + vξ 1 can be uniquely written as a product of matrices:
where M = (a i,k ) 0≤i≤n−1,0≤k≤3 is an n × 4 matrix over F q . Now, we define
where
n − (δ + αu 2 ) one can easily verify the following conclustions.
Theorem 2.1 Using the notations above, Ψ is a ring isomorphism from
Remark It is clear that both A + vA and
2 ) determined by:
By Theorem 2.1, in order to determine all distinct (δ + αu 2 )-constacyclic codes over R of length n it is sufficient to list all distinct ideals of A + vA. First, we study the structures of A and A + vA in the following. Since δ ∈ F × q and gcd(q, n) = 1, there are pairwise coprime monic irreducible polynomials
and (
From now on, we adopt the following notations.
and denote
By the Chinese remainder theorem for commutative rings, we give the structure and properties of the ring A.
Lemma 2.3 Using the notations above, we have the following:
(i) ε 1 (x) + . . . + ε r (x) = 1, ε j (x) 2 = ε j (x) and ε j (x)ε l (x) = 0 in the ring A for all 1 ≤ j = l ≤ r. (ii) A = A 1 ⊕ . . . ⊕ A r where A j = Aε j (x) with ε j (x
) as its multiplicative identity and satisfies
In order to describe the structure of A + vA (v 2 = α −1 (x n − δ)), we need the following lemma.
2 ). By Equation (1) and
, we deduce that
Now, we can provide the structure of A + vA.
Lemma 2.5 Let 1 ≤ j ≤ r. Using the notations in Lemma 2.4, we denote
Then we have the following conclusions:
, where ε j (x) is the multiplicative identity of the ring A j +vA j and this decomposition satisfies (A j +vA j )(A l + vA l ) = {0} for all 1 ≤ j = l ≤ r.
(ii) For any 1 ≤ j ≤ r and a(x), b(x) ∈ K j , we define
Then Φ is a ring isomorphism from
Proof. (i) Since ε j (x) is an element of A and A is a subring of A + vA, ε j (x) is also an idempotent of the ring A + vA for all j = 1, . . . , r. Then the conclusions follow from Lemma 2.3(i) and classical ring theory.
(ii) For any a(x), b(x) ∈ K j , by the definition of ϕ j in Lemma 2.3(iii) it follows that
Hence Φ j is a bijection from
Therefore, Φ j is a ring isomorphism from K j + vK j onto A j + vA j .
(iii) It follows from (i) and (ii) immediately.
In order to determine all ideals of A + vA, by Lemma 2.5(iii) and classical ring theory it is sufficient to list all distinct ideals of K j + vK j (v 2 = ω j f j (x)) for all j = 1, . . . , r. To do this, we need the following lemma. 
is equal to 2 and the residue class field of
Then we determine ideals of
Lemma 2.7 Let 1 ≤ j ≤ r. Then all distinct ideals of K j + vK j are given by: v l , l = 0, 1, 2, 3, 4. Moreover, the number of elements contained in v
Proof. Let ξ 0 + vξ 1 ∈ K j + vK j where ξ 0 , ξ 1 ∈ K j . By Lemma 2.6(ii), each ξ i has a unique f j (x)-expansion:
By the proof of Lemma 2.4, we see that ω
. From this and by f j (x) 2 = 0 in K j , we deduce that
Then by (3) we obtain the following v-expansion for ξ 0 + vξ 1 :
Obviously,
Hence the nilpotency index of v is equal to 4 in K j + vK j . Moreover, by Lemma 2.6(ii) we see that ξ 0 + vξ 1 is invertible if and only if b 0,0 (x) = 0.
As stated above, we conclude that v generates the unique maximal ideal v of K j + vK j and the residue class field is (
Therefore, all distinct ideals of K j + vK j are given by:
Furthermore, for any 0 ≤ l ≤ 4 we have that
Since Ψ is a ring isomorphism from A + vA onto R[x]/ x n − (δ + αu 2 ) , by Lemma 2.3(i) and the definition of Ψ we deduce the following corollary.
Corollary 2.8 For any integer
. Then (i) e 1 (x) + . . . + e r (x) = 1, e j (x) 2 = e j (x) and e j (x)e l (x) = 0 in the ring
Finally, we give a precise representation for any (δ + αu 2 )-constacyclic code over R of length n.
Theorem 2.9 Using the notations above, all distinct (δ + αu
2 )-constacyclic codes over R of length n are given by:
Moreover, the number of codewords contained in C (l 1 ,...,lr) is equal to
Therefore, the number of (δ + αu 2 )-constacyclic codes over R of length n is equal to 5 r .
Proof. By Theorem 2.1 and Lemma 2.5(iii), we see that Ψ • Φ is a ring isomorphism from (
. By classical ring theory and Lemma 2.7, for any integer j, 1 ≤ j ≤ r, there is a unique ideal v l j of K j + vK j , where 0 ≤ l j ≤ 4, such that
Since Ψ • Φ is a ring isomorphism from (
By Corollary 2.8 and the remark after Theorem 2.1, we deduce that Ψ(ε j (x)v l j ) = Ψ(ε j (x))Ψ(v l j ) = u l j e j (x) for all j = 1, . . . , r, which implies
From this and by Corollary 2.8(i), one can easily verify that C = u l 1 e 1 (x) + . . . + u lr e r (x) . As stated above, we conclude that the number of (δ + αu 2 )-constacyclic codes over R of length n is equal to 5 r by Lemma 2.7.
3. Dual codes of (δ + αu 2 )-constacyclic codes C over R of length n
In this section, we give the dual code
4 of length n, where δ, α ∈ F × q and gcd(q, n) = 1. By Lemma 1.2, we know that C ⊥ E is a (δ + αu 2 ) −1 -constacyclic code over R of length n, i.e., C ⊥ E is an ideal of the ring
2 )x n = 1, which implies
by the rule that
Proof. For any g(x) ∈ R[x], we define
Then by Equation (4), we see that τ 0 is a well-defined ring homomorphism
. Then by (4) and the definition of τ 0 , it follows that
Hence τ 0 is surjective. Then from
and by classical ring theory, we deduce that the map τ induced by τ 0 , which is defined by (5), is a surjective ring homomorphism
Therefore, τ is a bijection and hence a ring isomorphism. a = (a 0 , a 1 , . . . , a n−1 ) ∈ R n and b
Lemma 3.2 For any
Proof. By Equation (5) and
Remark For any (δ+αu 2 )-constacyclic code C over R of length n, by Lemma 3.2 it follows that {b(
Now, we determine the dual code of each (δ + αu 2 )-constacyclic code over R of length n. l j e j (x) be a (δ + αu 2 )-constacyclic code over R of length n given by Theorem 2.9. Then the dual code of C is given by:
which is an ideal of the ring
. From this and by Theorem 2.9, we deduce that
Moreover, by Corollary 2.8(i) it follows that
From this and by Lemma 3.2, we deduce that τ (D) ⊆ C ⊥ E . Furthermore, by (6) and Theorem 2.9 it follows that
Hence we conclude that C ⊥ E = τ (D) since R is a finite chain ring (cf. [6] ). Finally, since τ is a ring isomorphism defined in Lemma 3.1, we see that
In this section, let q = 2 m where m is a positive integer, R = F 2 m [u]/ u 4 , n be an odd positive integer and α ∈ F × 2 m . As (1 + αu 2 ) −1 = 1 + αu 2 in R, the dual code of every (1 + αu 2 )-constacyclic code over R of length n is also a (1 + αu 2 )-constacyclic code over R of length n by Lemma 1.2. Morover, by (1 + αu 2 ) −1 = 1 + αu 2 in R and Lemma 3.1, we see that the map τ defined by τ (a(x)) = a(
From this and by Corollary 2.8(i), we deduce that for each integer j, 1 ≤ j ≤ r, there is a unique integer j ′ , 1 ≤ j ≤ r, such that
Hence the ring automorphism τ on R[x]/ x n − (1 + αu 2 ) induces a permutation j → j ′ on the set {1, . . . , r}. In order to simplify notations, we still denote this bijection by τ , i.e.,
Since the permutation τ on {1, . . . , r} satisfies τ −1 = τ , After a suitable rearrangement of e 1 (x), . . . , e r (x), there are nonnegative integers ρ, ǫ such that ρ + 2ǫ = r and
Now, by Theorem 3.3 and Equation (7), we obtain the following corollary immediately.
Finally, we list all self-dual (1 + αu 2 )-constacyclic codes over R of length n as follows.
Theorem 4.2 All distinct self-dual (1 + αu
2 )-constacyclic codes of length n over R are given by:
Therefore, the number of self-dual (1 + αu 2 )-constacyclic codes over R of length n is equal to 5 ǫ .
Proof. Let C be any (1 + αu 2 )-constacyclic code over R of length n. By Theorem 2.9 and its proof, we have that C = r j=1 u l j e j (x) where 0 ≤ l j ≤ 4 for all j = 1, . . . , r. By Corollary 4.1 and the proof of Theorem 2.9, we see that
Since τ is a bijection on the set {1, . . . , r}, we have C = r j=1 u l τ (j) e τ (j) (x) . From this and by Corollary 2.8(i), we deduce that C is self-dual if and only if l τ (j) = 4 − l j for all j = 1, . . . , r. Then we have one of the following two cases.
(i) Let 1 ≤ j ≤ ρ. Then τ (j) = j, and l τ (j) = 4 − l j if and only if l j = 4 − l j , which is equivalent to that l j = 2.
(ii) Let j = ρ + i, where 1 ≤ i ≤ ǫ. In this case, τ (j) = j + ǫ and τ (j + ǫ) = j. Then l τ (j) = 4 − l j and l τ (j+ǫ) = 4 − l j+ǫ , i.e., l j+ǫ = 4 − l j and l j = 4 − l j+ǫ , if and only if l j+ǫ = 4 − l j . and find g j (x), h j (x) ∈ F 2 [x] such that g j (x)F j (x) 2 +h j (x)f j (x) 2 = 1. Then we calculate ε j (x) = g j (x)F j (x) 2 (mod x 14 + 1). Dividing ε j (x) by x 7 + 1, we obtain a unique pair (e j,0 (x), e j,1 (x)) of polynomials in F 2 [x] such that ε j (x) = e j,0 (x)+(x 7 +1)e j,1 (x) and deg(e j,i (x)) ≤ 6 for i = 0, 1. Then we have e j (x) = e j,0 (x) + u 2 e j,1 (x) ∈ R[x]/ x 7 − (1 + u 2 )
An example
by Corollary 2.8(ii). Precisely, we have e 1 (x) = x 6 + (u 2 + 1)x 5 + x 4 + (u 2 + 1)x 3 + x 2 + (u 2 + 1)x + 1; e 2 (x) = x 4 + x 2 + (u 2 + 1)x + 1; e 3 (x) = x 6 + (u 2 + 1)x 5 + (u 2 + 1)x 3 + 1, where τ (e 1 (x)) = e 1 (x −1 ) = e 1 (x) and τ (e 2 (x)) = e 2 (x −1 ) = e 3 (x) (mod x 7 − (1 + u 2 )). Hence ρ = ǫ = 1.
• By Theorem 2.9, there are 5 3 = 125 distinct (1 + u 2 )-constacyclic codes over R of length 7:
C (l 1 ,l 2 ,l 3 ) = g (l 1 ,l 2 ,l 3 ) (x) (mod x 7 − (1 + u 2 )), where g (l 1 ,l 2 ,l 3 ) (x) = u l 1 e 1 (x) + u l 2 e 2 (x) + u l 3 e 3 (x), 0 ≤ l 1 , l 2 , l 3 ≤ 4. Moreover, the number of codewords contained in C (l 1 ,l 2 ,l 3 ) is equal to |C (l 1 ,l 2 ,l 3 ) | = 2 (4−l 1 )+3(4−l 2 )+3(4−l 3 ) = 2 28−(l 1 +3(l 2 +l 3 )) .
• By Theorems 4.2, there are 5 distinct self-dual (1 + u 2 )-constacyclic codes over R of length 7:
C (2,l,4−l) = g (2,l,4−l) (x) (mod 
